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Solutions and Scheme of Marking

N.B.: Part I carries 20 marks, Part II carries 30 marks and Part III carries 50
marks.

Part 1

N.B. Each question in Part I carries 2 marks.

1.

The values of a and b for which (x — 1)? divides ax® + bz® + 1 are
(A)a=-2b=4B)a=3,b=-4(C)a=-3,b=4(D)a=2,b=-3.
Ans: (B)

. If f: R — R satisfies |f(z) — f(y)| < |z — y|* for all 2,y € R and f(1) =5 then

£(2025) is
(A) 1 (B)5(C) 2025 (D) 0.
Ans: (B)

. Let z € C. The area of triangle whose vertices are represented by —z,iz,2z — iz is

(A) (1/2)]2] (B) |2] (C) (3/2)I2]* (D) |2[*.
Ans: (C)

The remainder when z'% — 22°! + 1 is divided by 22 — 1 is
(A)z—2(B)2x—1(C) —2x+2 (D) z — 1.
Ans: (C)

If f(z) +2f(1 — x) = 2% + 2 for all real numbers x and f is differentiable function, then

the value of f/(8) is
(A)0 (B) —4 (C) =3 (D) 4.
Ans: (D)

. If the function f is periodic and for some fixed a > 0 and for all real numbers = we

have .

flx4a)= 1i_f(?, then the possible value of period is
(A) 4a (B) a (C) 2a (D) 8a.

Ans: (A)

For real numbers a, b if one root of the equation (a — b)x? + ax + 1 = 0 is double the
other, then the greatest value of b is

(A)9/8 (B) 8/9 (C) 8 (D) 9.

Ans: (A)

o0
n
. The value of E ——— I8
4 2
—nt+n +1

(A) 1/3 (B) 1/4 (C) 1/5 (D) 1/2.
Ans: (D)

. Let f : R — R be a continuous function such that f(r + %) = f(r) for all rational

numbers r and positive integers n. Which of the following is true?
(A) Image of f is uncountable (B) Image of f is a singleton set
(C) Image of f is two point set (D) such a function does not exist.

Ans: (B)



2

10. The number of regions the curves y = 2% and y = T divide the square [0,1] x [0, 1]
x

. +1
(A)2(B)3(C)4 (D)5
Ans: (C)

Part I1
N.B. Each question in Part II carries 6 marks.

1. Let f:R — R be a continuous function satisfying f(f(z)) = (f(x))? for all z € R and
£(100) = 200. Find all possible values of f(500).
Solution: Let f(f(x)) = (f(z))%. Put z = 100. Then we have
f(£(100)) = £(200) = (f(100))? = (200)2. Now by the Intermediate Value Property,

[200, (200)] € R(f). [4]
As 500 € [200, (200)?], there exists a real number a such that f(a) = 500. Note that
f(f(a)) = f(500) = (f(a))* = (500)*. 2]

2 2
2. Let A = x+5:x<0 ,B=<(x: x+5<0 . Find sup A, inf A, sup B, inf B if
3z —1 3z —1

they exist. Justify your answer.

. _f2zx+5
Solution: A = {33: —1°% < O}
. 2z 4+ 5
Let f: (—00,0) — R be a function defined as f(x) = 321
r —
-1
Then f'(x) = (371)2 < 0 and hence f is a decreasing function on (—oc0).
Tz —
Thus, sup(A) = sup(f) = lin%) f(z)=-5
T—
2
Also, inf(A) = inf(f) = EIEI flz) = 3 3]
2x +5
B={ser: <0}

Note that t € B <= (2z+5>0and 3z —1<0) OR (2x+5< 0 and 3z —1 > 0)
Hence, z € B <= (v > —5/2 and z < 1/3) OR (z < —5/2 and = > 1/3)
Thus, z € B <= z > —5/2 and z < 1/3.
So, B = (—;, ;) and hence, inf(B) = —g and sup(B) = =. 3]
3. Let p(z) = ap + a1x + - -+ + a,x™ be a polynomial with integer coefficients such that
p(0) # 0 and p(r) = p(s) = 0 for two integers 0 < r < s. Prove that for some k, ar < —s.
Solution: Since p(s) = 0, we have p(z) = (z — s)q(x), where
q(x) = by +brz + -+ + b, 12771, b; are integers. 2]
Observe that ag = —sbg. Thus by # 0. If by > 0, then a9 < —s and we are through.
Now let by < 0. As ¢(z) has at least one real positive root, by Descarte’s rule of sign,
there is at least one sign change in the coefficients of ¢(x). Thus there exists k such
that by < 0 and bgy1 > 0. This implies agy1 = —sbgr1 + b < —s. [4]

4. For any positive integer m, show that there exists a real m x m matrix A such that
A3 = A+ 1. Also, show that for any such A, determinant of A is positive.
Solution: Note that the matrix A = \I satisfies A% = A + I if and only if A3 = X\ 4 1.
Since A* — X\ — 1 is a cubic polynomial, it has at least one real root. Therefore such
matrix A exists. 2]
Claim: The minimal polynomial of A has exactly one real root and two complex roots.
Let p(z) = 2 — 2 — 1. Since p(1) < 0 and p(2) > 0, by Intermediate Value Property,
there is a root between 1 and 2. Note that the sum of the roots is zero. Therefore all
roots cannot be positive. If —1 < x < 0, then 2% < 0 but 2 + 1 > 0. Therefore p(x)
has no root in (—1,0). If # < —1, then p/(z) = 322 — 1 > 0, and p(—1) = —1. Hence



p(z) < —1 for all z < —1. Therefore p(x) has no root in (—oo, —1). Hence p(z) has
exactly one real positive root say a and two complex roots 5, 8. If the multiplicity of «
is 7 and of 3 is s, then det A = (a)"(33)° > 0. [4]

. A frog starts at the point (0,0) in the coordinate plane and makes a sequence of jumps.
In every jump frog covers a distance of 10 units and after each jump the frog is at a
point whose coordinates are both integers.

(a) Show that the frog can never reach the point (2025,2025).

(b) Show that the frog can reach the point (2026,2026). Find the minimum number
of jumps needed for the frog to achieve this.

Solution: Note that by the given condition, the only points in R? where frog can reach
in one jump from (0,0) are

(£10,0), (0, £10), (6, £8), (£8, +6).

Thus, each jump corresponds to adding one of the above vectors to the previous position
of the frog.

(a) Observe that after each jump, both the coordinates of frog’s position remains even.
Hence, frog cannot reach to (2025, 2025). 2]

(b) Observe that (2026,2026) = (0,0) + 144(6, 8) + 144(8,6) + (10,0) + (0, 10)

Thus, the frog will reach to (2026,2026) by taking 290 jumps from (0, 0).

Let s =  + y be the sum of z and y coordinates of the frog’s position (z,y) in
R2. Thus, it starts at s = 0 and ends at s = 4052. Further, by observing the
possible jumps, each jump changes the sum of x and y coordinates by atmost 14
and 4052 > 4046 = 289 x 14. Thus, it follows that the frog must take more than
289 jumps to reach to the destination. Hence, the minimum number of jumps
needed for the frog to reach (2026,2026) from (0,0) is 290. [4]

Part 111

. Let {s,,} be a sequence of real numbers and let {¢,,} be a sequence defined by
tr = Sk+1 — Sk and tg11 —tp = 1 for all k € N.

(a) Find S1 if S8 = S10 — 0. [2]
(b) Find S1 if S90 = S95 = 0. [4]

(c) Let s, = sy = 0 for some distinct positive integers m, n. Prove that s; € Z for all
k € N if and only if m,n are of different parity. 6]

Solution: Let {s,} be a sequence of real numbers and let {¢,} be a sequence defined
by tix = Sk4+1 — Sk and tpy1 — t = 1 for all £ € N. Substituting ¢, we get
Sk+2 — 28ky1 + sk = 1. (1]

(a) Putting k = 8 in [I], we have s19 — 2s9 + sg = 1. Given that sg = s19 = 0. Thus we
get sg = —1/2. Now putting k = 7 in [I], we have s7 = 3/2. Now by successively
putting values k = 6,5,4,3,2,1; we get s; = 63/2. 2]

(b) Given that sog = s95 = 0. We have so1 = S99 + tog,
892 = 821 + to1 = s91 + o0 + 1 = 899 + 2t + 1,
So3 = S92 + tag = S0 + 2to0 + 1 + to2 = S20 + 2t20 + 1 + t20 + 2 = s20 + 3t20 + 3.
Similarly, soq4 = S99+ 4tog+6 and so5 = S99+ 5tog + 10. Now putting sog = s95 = 0,
we have tQO = —2. Thus tlg = —3 and $19 = S20 — tgo = 2. Now 518 = S19 — tlg =
2 4+ 3 = 5. One may now use [I] and successively find values of s; for k < 18. We
then get s; = 228. [4]



(¢) One can use the sets
{te} ={t1, s+ L, t1+2,--- ,t1+(k—1),---}
{sky={st,s1+ti,s1 +2t1+ 1,81 +3t1 +1+2,---}
sk=s14+ k=Dt +1+24-+ (k—2)) =51 + (k — 1)ty + E=2E=
Thus sn:sl+(n—1)t1+("_2)2ﬁ and sm:51+(m—1)t1+%.
Taking difference, we get

0=s, — 5, = tl(n . m) + (n—2)(n—1)—2(m—2)(m—1) -1 (n . m) + (n—m)(;—l—m—S)

Therefore, t; = HT_’” Hence, t; is an integer if and only if m,n are of different
parity. Now s is an integer if and only if £; is integer. [6]

2. For0<k<1l,neNletp,(z)=a"+2"  +-- +2—k

(a) Show that for each n, p,(x) has a unique positive real root. 2]
(b) If a, is the positive root of p,(x), then show that the sequence {a,} is convergent.

[]
(¢) Find lim a,,. [5]

n—0o0

Solution: For 0 < k < 1 and for each n € N, we have p,(z) = 2"+ 2" 1 +... 42— k.

(a) Note that p,(0) = —k < 0 and p,(k) > 0. Thus, by intermediate value theorem,
pn(z) must have a root in (0, k). Further, p/,(z) > 0 for all x > 0. Thus, p,(z) is

increasing in (0, 00) and hence p,(z) has unique positive root for each n. 2]
(b) Note that p,11(z) = pn(z)+2" . Thus P,y1(ay) = a1 > 0. Thus an41 € (0,a,)
for each n. Thus, sequence (a,) is monotonically decreasing. [5]

Further, we know that a,, > 0 Vn € N. Thus, (a,,) is a convergent sequence.

(c) Note that py(z) = 20 =) _j 77 =kt Dz+k
-z z—1
ant! k

Thus, pp(a,) = 0 gives

an

k+1 " k4l
Further, we have, 0 < a, < as <1, Vn > 2. Hence, 0 < aﬁ“ < agH, Vn > 2.
k
Hence the sequence (a*1) converges to 0 implying lim a, = ——. [5]
n—00 k+1

3. Let L :={(z,y) € R? |,y € Z}.

(a) Show that there is no regular hexagon with all its vertices in L. [5]

(b) Show that for any € > 0, there exists n € N such that an equilateral triangle with
two of its vertices at (0,0) and (2n,0) respectively has its third vertex inside an
e-neighbourhood of a point in L. [7]

Solution: Let L := {(x,y) € R? | z,y € Z}.

(a) If possible, let ABCDEF be a regular hexagon with all its vertices in L. Since all
of its vertices have integer coordinates, by Pick’s Theorem we get that the area of
the hexagon is given by

[ABCDEF) =i+ g ~1

where 7 and b are the numbers of points in L in the interior and on the boundary
of ABCDEF respectively. This gives us that the area of hexagon ABCDFEF is
a rational number. On the other hand, we know that for a regular hexagon, the
area is also given by

[ABCDEF] = 3\2/5,432



Since A, B are points with integer coordinates, AB? is also an integer. This gives
us that the area of ABC' DEF is an irrational number, which contradicts our earlier
conclusion. Hence there can be no regular hexagon with all its vertices in L. [5]

(b) Note that if an equilateral triangle has two of its vertices at (0,0) and (2n,0)
respectively for some n € N, then its third vertex must be at (n,nv/3). Hence
the problem reduces to showing that for any € > 0, there exist n,k € N such that
Inv3 — k| < €, or equivalently that, there exists n € N such that {nv3} < e,
where {-} represents the fractional part function. Let N € N be such that & < e.
We divide the unit interval I := [0,1) into N equal parts Iy, Ia,...,Ix of size
+ each. Hence, we have that Ij, := [(k — 1)/N,k/N) for each k € {1,2,...,N}.
Consider the set M := {nv/3 | n € N}. Since M is an infinite set, by Pigeon-
Hole Principle, there exist n1,n2 € N such that {niv/3}, {nav/3} € I, for some
ko € {1,2,...,N}. Without loss of generality let n; > ny. Then in this case we
see that {(n; — n2)v/3} € I1. Since the length of I is 1/N which is smaller than
€, this completes the proof. [7]

4. Let A be a square matrix of order 2k with entries 1 to 4k% in some order exactly once.

(a) Show that there exists a row or column having two entries with their difference at

least 2k2. (3]

(b) Show that there exists a row or column having two entries with their difference at

least 2k? + k — 1. [7]

(¢) For k =2, find such an A with the difference between any two entries in same row

or column is at most 9. 4]
Solution:

(a) If 1 and 4k? are in the same row or column, then 4k? — 1 > 2k% Otherwise
suppose @ is in the intersection of row containing 1 and column containing 4k2.
Then max{4k? —a,a — 1} > %. Therefore max{4k? — a,a — 1} > 2k2. 3]

(b) Define sets S and T as follows:

S={(i,j): aij € {1,2,--- ,k*}}and T = {(i, j) : either aip or ag; € {1,2,--- ,k*}}.
That is T is a union of rows and columns in which there is an entry from {1,2,--- , k%}.
Case 1: Suppose that the entries in S forms a k X k submatrix of A.

Let M = max{a;; : (i,7) € T}. As (i,7) € T, either i*" row or j* column has an
entry from {1,2,---,k%}. But, the entries in S is a k x k submatrix. So either i*
row or j** column has k entries from {1,2,--- ,k?}. Thus some difference is at least
M — (k? —k+1) (because largest k entries are k?, k> —1,k*—2,--- k> —k+1). In
this case, we now show that M > 3k2. This will follow if we show that |T| > 3k2.
Suppose T is a union of a rows and b columns, then |T'| = 2ka + 2kb — ab. But
|S| = k? < ab. Therefore |T| = 2ka+2kb—ab = 2ka+b(2k —a) > 2ka+ %Q(Zk—a)
= 2%(a+E) — k2 > 2K(2k) — k2 = 32

Thus some difference is at least 3k% — (k* — k +1) = 2k + k — 1.

Case 2: Suppose that the entries in S do not form a k x k& submatrix of A. In
this case, we show that |T'| > 3k? + k. Suppose a > b. As the entries in S do not
not a k x k submatrix, a > k + 1. Suppose a = k+1 > k+ 1. As ab > k2, we have
b>k—r+1.But|T| =2ka+b2k—a)>2k(k+r)+(k—r+1)2k—k—r)=
324+ k+r(r—1) > 3k> + k.

Thus some difference is at least 3k% + k — k% = 2k% + k. [7]
10 12 14 16
9 11 13 15

(c) One possible matrix is [4]

2 4 6 8
1 3 5 7




