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Part I
N.B. Each question in Part I carries 6 marks.

1. Letthepositiveintegers a,b,cbesuchthat a) b) cand (a'-br-c)(t-2) > 0
for all x: + 2. Show that a,b,c aresides of a right angled triangle'

Solution: Let /(r) : (a'-bo - c") where r € lR.

Fol e; < 2 implies /(r) < 0
Forr>2implies/(r) >0
l3y continuity of /(r) we have

Iirn,*2 f@): f(2):A
Thus o2 : b2 + c2

2. F'ind all real numbers r, g such that the fracLional pa,rt of
r*4y-f

12+y2+
.1,t ,.

{**fii"
19

1

,, we haveSolution: Note that since 12 + A' + 19 > 0 and

r*4y+i>0.
We can prove that (r * 49 * l) < (*'+:ry2 + 19).

(r - 112)2 + ('y - +)2 +tl+ > 0, we have

Since12 -r*a2-4y*18:

, tr+Ay*7 \ fr*4Y* 1 1

I12+U2+lgt 12*a2+-19 2

Thus2z+89*2:12+a2+19
i.e. (r - t)' + @ - 4' : 0. We get (r, g) : (1,4).

3. Let / be a qladratic polynonrial. Show that there exist quadratic polynomials

s,lr such that /(z)/(r + 1) : g(h(r)).Solution:
f (r) : a(r - a)(:c - fi)
f(r + t) : a(r - a *1)(z - 6 + 1)

iir) - i@+t): a2(r'-r(a+ P -L)+ag -a)* (r2 - r(a+ 0 -t)+ct7 - 0)

Defirre g(r) : a2(r - a)(r - 0)
h(r):12-r(a+P-t)+a0

4. Determine the nurnber of all nl x n, rnatrices with etttries 0 or 1 sr"rch that the

number of 1's in each row and the mrntber of 1's in each column are all even'

Solution:
FilI nz - 1 by p, - ! submatrix in any way. The mtrnbet' of rvays to do this is

2@-t)(n-r). Since only 0 and 1 is allowed as entry and rve have to just take care

of parity, the lemaining entlies in the last t'ow and colnmn are nniquely forced.

Thus thc number of requirecl tn x n matrices it 2(nz-l)(,-1)'



Find all non-negative integer solutions to the system of equations

3r2-2a'-422+54:o
5r2 -3y2 -722 *74:o

solution: Multiplying first equation by 5 and second by 3 we get

L5r2 - L}a' - 2Oz2 +5 * 54 : 0

!5r2 -9a',-2122 +74x3:0
Substracting the second equation from the first, we get

z2-a2:-48
(a - ')(a 

* z) :43

Ttying the pairs 2 x 24,6 x 8, 4 x L2

A - z:2,U* z:24, gives gt :13,2:11 gives r:16
A- z:6,A* z:8, gives Y:7,2: l gives r:4
A - z: 4,A * z:12 gives g :8,2: 4 does not give a valid r'



Part II
N.B. Each question in Part II carries 1"0 marks.

1. Let ,f ' [0,1] + R. be a difierentiable function such that /' is continuous and

/(o) : o, /(1) : 1.

(a) Show that there exists 11 in (0, 1) such 11ru1 - 
1- : t. t1]' J'lrt)

. (b) Show that there exist distin ct r1,if,2in (0,1) such that h* fu:,
t4l

(c) Show that for a positive integer n, there exist distinct tr1,fr2,' ' ' ,tn in (0, 1)

such that i =L : ,.
f', t'lri)

Solution:
Since /(0) : 0,,f (1) : 1 we n*. ffi : f'(c)
Therefore result is true for rz : 1.

If. f'(r) ) 1Vr, then ,

f (*,) _ f,("r) > t
Tfrerefore f(*)Zr.
If /(rs) ) 16, then 1 - /(ro) ( 1 - ro

Sr
)

>{

f'(cr)- 
t - /Lro) < 1 which is a contradiction' Thus /(r) : r'\ a' l-ro

There exists a,b-e IR such that f'(o) < 1 and /'(b) > 1

Therefore [1 -- r,1+ r] g Ran,(f'). T]rerefore we cau find 11, siich t]rat

f'(t'):[- el2i'e' h:*.
Now we want to find rz such that f '(r) satisfies

h - 2 - h - ) - * :';* i'e' f'(r2) : f*' rhis is dennitelv

greater than 1'

$ 

=*< 

1 + e; then we can find such rz.

Now (1 + e)(2 - 2e) : 2 - 2e2.

Assuming without loss of generality that e < 1;

2-e<2-2e2r_.
Thereforel<fr(1*e

c)-.

i'"' ffi€ Range(/')

Therefore it is possible to select 12 such that
1 1 _.,M-ffi)-"

Nl 1
o* l'(,,<I<M

Therefore J e'such that

3



--1- <r-e' l-tFt<-1.76 -' " .^ f'(yr)'-
i..)-il particular [l - .', t + Jl e Range(/)

By similar argument !r3 and ra such that

I

l.

1 1^

-:/,
f '(*n)

-*
f'(rz)

^ 1 1 1 l--:4andbycontradictionfrt'r2'fil'frArherefore jCJ+ 7@)+ Iq'a-) 
* 

T l* n)

are distinct. We caln f#tinir"'tt it ptoilt'. and get Ir,fr2,,,3, "',t2n o'll distinct

such that 
Dh 

We have already seen that there exists c : r such

that /'(r) :'t Sir." 7'@t) +:-YrO: l'2'"''2k; this c is different from all ri'

Thus f 2k+1 points such that f- + -- 2k + t'ruD ouurr "'*" 
? f,(rr)

2, LelR, denote the collection of polynomials of degree n such that the polynomial

and all its derivatives have integer roots'

(a) Find a polynomi al in ?zhaving at least two distinct roots' t2]

(b)Findapolynomialin23havingatleasttwodistinctroots.t3l
(c)ForanypolynomialP|fiPn,showthatthearithmeticmeanofalirootsof

P is.also an integer' t5l

Solution:
i) Let f :(*-a)(r-p); then f'.:('-o) + (r-il:2r-(a+0)
'ih,rs tire condition is o * B must be even'

ii) Let 7 : Q:-a)(r * P)(r-l)
rhen /' : lr -gtd - oi 1t"^,Aq - ,).T (z--0)(r,- r)
1", t': (, - o;;(,'-'ri''tt"' f' :'(r - a)2 + .2(r - a)(r - 0)

ji, Jr@'- o1+4* -'a) +2(r"- g: a@ - o) + z(r - 0)

:6r-4a-20
4a+28

f" =01f'r: 6

So 614o+20. Pui g : !and'a7 4' We cau take f(') : lr - +)2(r - t)',
iii)Let p(r):;,*tr+o^_rr"-t+...+ a1r*as-e Pn. Lettherootsof p(r) be

alrQ2r'''rQn
No* p'1r) : rLanfrn-r + (n - l)anar"-2 * "' * a1

p,,(r) : n(n - i)o^*"-'+ (l - r)(" - 2)an-p"-3 +''' + 2az and so on'

i(;-i)(r) = ntantr + (n - 1)!a"-1 _@ _1)lo,_1

Since p("-r)(r) has integer roots, it is equal to t- Ai^-
LT=ro, - -(n - 7)a"-r 

is thus an integer.
rL Tlan
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