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Department of Mathematics, S. P. College, Pune
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N.B.: Part I carries 30 marks and Part II carries 20 marks.

Part 1
N.B. Each question in Part I carries 6 marks.

1. Let the positive integers a, b, ¢ be such that > b > c and (a®—b" —c* W z-2)>0
for all z # 2. Show that a, b, c are sides of a right angled triangle.
Solution: Let f(z) = (a® — b* — ¢*) where z € R.
For z < 2 implies f(x) <0
For = > 2 implies f(z) >0
By continuity of f(x) we have
. o fla)=12)=10
Thus a? = b* + 2

z+4y+1 | 1
2+ 92+ 19 G
z+4y +1
z2+942+19

2. Find all real numbers z,y such that the fractional part of

L
} is =, we have

Solution: Note that since 22 + y*> + 19 > 0 and { =

z+4y+1>0.
We can prove that (z + 4y + 1) < (22 +y* +19). Since 2® —z +y* — 4y + 18 =
(z —1/2)2 + (y — 4)* + 7/4 > 0, we have
ety dl ardydl - ]
{m2+y2+19}_ 2

2 +y2+19 2
Thus 2z + 8y +2=a2+y*+ 19
ie. (z—1)%+(y—4)° =0. We get (z,y) = (1,4).

3. Let f be a quadratic polynomial. Show that there exist quadratic polynomials
g, h such that f(z)f(z + 1) = g(h(z)). Solution:
f(z) = a(z — a)(z - B)
flz+1)=alz-a+1)(z-B+1)
f@)* fla+1) =a2(@® ~z(a+B-1)+aB—a)*(® —z(a+B—1)+ab - f)
Define g(z) = a®(z — a)(z — B)
h(z) =2® —z(a+B—-1)+afB

4. Determine the number of all m x n matrices with entries 0 or 1 such that the

number of 1’s in each row and the number of 1’s in each column are all even.
Solution:
Fill m — 1 by n — 1 submatrix in any way. The number of ways to do this is
9(m=1)(n-1) " Since only 0 and 1 is allowed as entry and we have to just take care
of parity, the remaining entries in the last row and column are uniquely forced.
Thus the number of required m X n matrices is 2m~1M=1),



5. Find all non-negative integer solutions to the system of equations

32 — %P ~422 4+ 54 =0
Bzl =8y -T2 +T4=0

Solution: Multiplying first equation by 5 and second by 3 we get

1522 — 10y — 202> +5%54 =0
1522 — 9y® — 2122 + 74%3 =10

Substracting the second equation from the first, we get

22— 9% = —48
(y—2)y+2)=48
Trying the pairs 2 x 24, 6 x 8, 4 X 12
y—z=2,y+z=24,givesy=13,z=11 gives z = 16
y—z2=6,y+2=38, givesy="T,z2=1givesz =4
y—z=4,y+2 =12 gives y = 8,2 = 4 does not give a valid z.



Part II
N.B. Each question in Part II carries 10 marks.

1. Let f : [0,1] — R be a differentiable function such that f' is continuous and

£(0)=0,f(1) = 1.

(a) Show that there exists z; in (0,1) such that 7(1?—5 =], 1]
1
1

1
(b) Show that there exist distinct z1, z2 in (0,1) such that + =
(b) 12 0 (0,1 fi(z1)  fl(x2)

[4]

(c) Show that for a positive integer n, there exist distinct £, g, -+, Tn in (0,1)
= 1

such that — =n. 5

By 2

Since f(0) =0, f(1) = 1 we have Q) = 70) = fic)

Solution: ( A >
1-0 ! : )

Therefore result is true for n = 1. ':f + - g (ﬂ) =

If f'(z) > 1Vz, then : 14 ) : 5
. , ~ ~

f()zf(cl)zl e sony 2 %

Tﬁerefore It 25
If f(.’l?o) > o then 1 — f(CL'()) <l-—2x
1

flca) = —l;ff—o) < 1 which is a contradiction. Thus f(z) = .
= Zo

There exists a,b € R such that f'(a) < 1 and f'(b) > 1
Therefore [1 —¢,1 + €] C Ran(f'). Therefore we can find z,, such that
£ == e 1 5o R .
fl(z1))=1—¢/21ie AL
Now we want to find z, such that f’(z;) satisfies
1 1 2 2—2
€ ie. fl(zo) = 2=¢ . This is definitely

gyt e

greater than 1.

2—¢€
i 2 — 2¢
Now (1 + €)(2 — 2¢) = 2 — 2€.
Assuming without loss of generality that € < 1;
Qg ]~ 0e?

Therefore 1 <

< 1+ ¢; then we can find such z,.

—€
5 2 — 2
5 :266 € Range(f’)
Therefore it is possible to select zo such that

) +1f’(wz) =

Now — < 1 < ——
f'(z1) f'(x2)
Therefore 3 €’ such that

<l+4e

1.e.




1 1
L T LPE € e
f(z1) '(z2
i.e. in particular [l —€,1+¢€] C Range(f)
1
By similar argument 3z and masuchthat —== + —m=c =
g . } - fl(zs)  f'(z4)

1 1
+ +——— = 4 and by contradiction 7y, T2, T3, T
(@) | I'@s)  J'(@d) 2 i

are distinct. We can continue this process and get @1, T2, %3, .-, T2n all distinct

1
Therefore +
Her)

2k

- 1

such that Z ?’_(—x_) — 9k. We have already seen that there exists ¢ = T such
wa i

that f'(z) —= 1. Since f'(z;) #1Vi=12,... ,2k; this c is different from all z;.
2k+1

Thus 3 2k+1 points such that Z ?,—(136—) =2k+ 1.
=i i

. Let P, denote the collection of polynomials of degree n such that the polynomial
and all its derivatives have integer roots.

(a) Find a polynomial in P, having at least two distinct roots. 2]
(b) Find a polynomial in Ps having at least two distinct roots. 3]
(c) For any polynomial P in Pn, show that the arithmetic mean of all roots of
P is also an integer. [5]
Solution:

i) Let f = (z — @)(x — B); then f’:(:n—a)+(x—[3)=2x—(a+ﬁ)
Thus the condition is a + 8 must be even.

if) Let f = (@ — a)(z — B)(z —7)

Then f' = (w—a)(x—ﬁ)+($*a)($—v)+(fﬂ—5)($—7)

fet == a)*(x — 7). Then f' = (z — )’ +2(z—a)(z— B)
f”=2(x—a)+2(m—a)+2(x—ﬁ)=4(a:—o<)+2(ac—ﬂ)

= 6z — 4o — 2

f”=Oifa::4a+2B

So 6|4 + 28. Put f = landa = 4. We can take f(z) = (z — 4)*(z — 1).

iii) Let p(z) = ant™ + Gy 2" 4 ...+ @17+ ag € Po. Let the roots of p(z) be
01,09,...,0n

Now p'(z) = napz™ ' + (n — ARG e L

p'(z) = n(n — 1apz" %+ (n—1)(n - 2)an-12""3 + ... + 2a and so on.
p™D(z) = nla,z + (n — lap-1

—(n—1)lan-1

Since p"~!(x) has integer roots, it is equal to 0
lan

Z?:l Qy = —(n e 1)0‘71—1

n nany

is thus an integer.




